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Abstract. We study the positivity of exterior powers of the tangent sheaf on toric varieties
in order to generalize results by Campana and Peternell about 3-folds with nef second
exterior power of the tangent bundle. Using the theory of equivariant vector bundles and
the toric MMP, we establish in the smooth case a criterion for the positivity of ΛmTX in
terms of wall relations. As an application, we classify smooth toric varieties of arbitrary
dimension n > 3 with Λ2TX nef and those of dimension n > 4 with Λ
3
TX ample.
Introduction
The study of consequences of the positivity of the tangent bundle TX of a projective man-
ifold X and of related bundles has been long and fruitful. The most famous instance is
Mori’s result ([M, Theorem 8]) stating that ampleness of TX forces an n-dimensional pro-
jective manifold X to be isomorphic to Pn. Campana and Peternell in [CP91] weakened
the assumption of ampleness to nefness of TX , meaning that the tautological line bundle
OP(TX )(1) is nef on P(TX). They classified the 3-folds with this property and formulated
their well-known conjecture predicting that any Fano manifold with nef tangent bundle
should be rational homogeneous. This prediction is in accordance with Mok’s earlier
classification of compact manifolds with a Ka¨hler metric with non-negative bisectional
curvature, yet this condition is much stronger than nefness of TX . We refer the reader
to [MOSWW] for a survey of the progress made on the Campana-Peternell conjecture.
Instead of the tangent bundle itself, it is natural to study its exterior powers. The
leading example being ΛnTX = −KX , whose nefness forces the Kodaira dimension of
X to be at most 0 but yields very little in terms of classification. On the other hand,
Campana and Peternell found the following classification of projective 3-folds with Λ2TX
nef.
Theorem 1 ([CP94]) Let X be a projective 3-fold with Λ2TX nef. Then either TX is
nef or X is one of the following.
a) X is the blowup of P3 in one point, or
b) X is a Fano 3-fold of index 2 and b2 = 1, but not a double cover of the Veronese cone.
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In the present note, we investigate positivity of arbitrary exterior powers of the tangent
sheaf in the case of toric varieties. On the one hand, the focus on toric varieties is a
substantial restriction of the subject matter. For example, in the above theorem, none of
the 3-folds of case b) are toric. On the other hand, the theory of toric varieties provides
us with sufficient machinery to handle arbitrary dimensions.
A particularly pleasant feature of (complete) toric varieties for our investigation is
the fact that nefness and ampleness of an equivariant vector bundle F test on torus-
invariant curves as has been shown in [HMP]. As such a curve is isomorphic to P1,
the restriction of F decomposes as a sum of line bundles, and the positivity of F is
determined by the splitting types
F|C ∼= OP1(a1)⊕OP1(a2)⊕ · · · ⊕ OP1(ar)
for invariant curves C. By utilizing the Klyachko filtration of F , in [HMP] the authors
also provide an approach to determining these splitting types, which we will describe in
Section 1.
By applying the above approach to the tangent bundle, we establish the following
close relationship between positivity questions and the types of contractions arising in the
toric minimal model program. The splitting type of TX restricted to an invariant curve C
turns out to be given by the coefficients of the wall relation b1v1+ · · ·+ bn−1vn−1+vn+
vn+1 = 0 corresponding to C. Here v1, . . . ,vn−1 are the primitive generators of the rays
spanning the wall τ ∈ Σ(n − 1) corresponding to C and vn and vn+1 are the primitive
generators of those rays which together with τ respectively span those two maximal cones
σ, σ′ ∈ Σ(n), which intersect in τ . Fixing this notation, the first main result of this note
are the following criteria for positivity of exterior powers of TX .
Theorem 2 Let XΣ be a smooth toric variety of dimension n. Then for 1 6 m 6 n− 1
the exterior power ΛmTX is ample (nef) if and only if for any τ ∈ Σ(n − 1) with wall
relation b1v1 + · · ·+ bn−1vn−1 + vn + vn+1 = 0 the inequalities
bi1 + bi2 + · · ·+ bim (≥) 0
2 + bj1 + bj2 + · · ·+ bjm−1 (≥) 0
hold for each 1 6 i1 < · · · < im 6 n and 1 6 j1 < · · · < im−1 6 n.
Similarly, ΛnTX = −KX is ample (nef) if and only if for any τ ∈ Σ(n−1) the coefficients
in the corresponding wall relation satisfy
2 + b1 + b2 + · · ·+ bn−1 (≥) 0.
Let us note here that this theorem has the following rather surprising consequence.
Corollary 3 Let X be a smooth toric variety of dimension n. If ΛmTX is nef for some
1 6 m < n, then X is Fano.
Remembering that the signs of the bi in a wall relation corresponding to an invariant
curve C whose class is contained in an extremal ray of the Mori cone NE(X) determine
the type of contraction given by the extremal ray of the class of C (see section 2),
the inequalities in the above theorem restrict the possible types of contractions, thus
enabling us to use an inductive approach, at least in the case of small numbers m. For
example, we readily see that the tangent bundle TX itself is nef if and only if all bi
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in the wall relations corresponding to any invariant curve are positive, which in fact is
equivalent to all contractions of X being of fiber type. Similarly, the nefness of Λ2TX
excludes flipping contractions as well as divisorial contractions for which the image of
the exceptional divisor is positive dimensional. In fact, by using upper bounds on the
intersections −KX ·C for extremal invariant curves C recently established by Fujino and
Sato ([FS17]), we can also exclude divisorial contractions with singular image. Similar
arguments work for the case when Λ3TX is ample.
By the above analysis of possible contractions, we are enabled to inductively prov-
ing the following classification results the first of which in the toric situation extends
Campana’s and Peternell’s classification to arbitrary dimensions.
Theorem 4 Let X be a smooth toric variety of dimension n > 3 with Λ2TX nef. Then
either TX is nef, or X is the blowup of P
n in a point.
Theorem 5 Let X be a smooth toric variety of dimension n > 4 with Λ3TX ample.
Then either TX is nef, or X is the blowup of P
n in a point.
1. Positivity of equivariant bundles
Our aim is to study exterior powers E of the tangent sheaf of a complete toric variety
X. Such a sheaf comes equipped with a natural torus action as follows. For any g ∈ T ,
considered as an automorphism of X, we have an isomorphism ψg : g
∗E ∼= E such that for
any two g, g′ ∈ T the obvious diagram commutes. Such sheaves are called T -equivariant,
or simply toric sheaves.
Note that the tangent sheaf TX is reflexive by definition as the dual of the sheaf Ω̂
1
X
of Zariski differentials. It turns out that reflexive equivariant sheaves on complete toric
varieties can be specified by giving for any invariant prime divisor Dρ corresponding to
a ray ρ ∈ Σ(1) a filtration
E ⊇ · · · ⊇ Eρ(i− 1) ⊇ Eρ(i) ⊇ Eρ(i+ 1) ⊇ · · · ⊇ 0
of a fixed finite dimensional vector space E. Concretely, for a cone σ ∈ Σ one considers
the k[σ]-module Γ(Uσ, E) on the affine toric variety Uσ. It is equipped with a natural
M -grading, and one writes Eσm for the χ
m-isotypical component. Since E is reflexive and
X is normal, sections are determined by their restriction to X \ Y for any closed subset
Y of codimension at least two. In particular, Γ(Uσ , E) =
⋂
ρ∈Σ(1) Γ(Uρ, E) and the same
description holds for the graded pieces, thus Eσm =
⋂
ρ∈Σ(1) E
ρ
m. Now, if m −m′ ∈ ρ⊥
then Eρm = E
ρ
m′ . This leads to a filtration as above by setting
Eρ((m · vρ)) = E
ρ
m
for the primitive generator vρ of the ray ρ. In case E is locally free, these filtrations
satisfy the following compatibility condition: for any cone σ ∈ Σ the line bundle E is
trivial on the affine variety Uσ so that Γ(Uσ, E) decomposes into a direct sum of free
k[σ]-modules of rank 1. Klyachko proved in [Kl] the following equivalence of categories:
Theorem 1.1 The category of equivariant locally free sheaves on a complete toric variety
is naturally equivalent to the category of finite dimensional k-vector spaces E together with
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a decreasing filtration Eρ(i) for each ray ρ ∈ Σ(1) such that for any maximal cone σ ∈ Σ,
there is a decomposition into T -eigenspaces E =
⊕
Em such that
Eρ(i) =
∑
(m·vρ)>i
Em
for every ray ρ ∈ σ(1).
For the details of the above description we refer the reader to [Kl], or, for the more
general framework of coherent sheaves, [?].
Hering, Mustat¸a˘, and Payne in [HMP] and subsequently Di Rocco, Jabbusch, and
Smith in [DJS] used Theorem 1.1 in order to study positivity of equivariant vector bundles
on complete toric varieties. The fundamental result for this approach consists in the
observation that nefness and ampleness of such bundles test on invariant curves:
Theorem 1.2 ([HMP], Theorem 2.1) An equivariant vector bundle on a complete
toric variety is nef (ample) if and only if its restriction to every torus-invariant curve is
nef (ample).
Since a torus-invariant curve C is isomorphic to P1, the restriction E|C of a vector bundle
E of rank r decomposes as the direct sum of line bundles
⊕r
i=1OP1(ai). In fact, for an
equivariant vector bundle this is an equivariant splitting by [Kum]. Now, the positivity of
the restriction can easily be read off the splitting type (a1, . . . , ar). In order to determine
the splitting types of restrictions of an equivariant bundle E , Hering, Mustat¸a˘, Payne
consider the restriction of E to Uσ and Uσ′ where σ and σ
′ denote the two full dimensional
cones in Σ whose intersection is the wall τ corresponding to the invariant curve C.
For any cone σ ∈ Σ, line bundles on the affine toric variety Uσ are of the form
Lu = OUσdiv(χ
u) for some m ∈M and the restriction of an equivariant vector bundle to
Uσ decomposes as a sum
⊕
Lui of such line bundles. Furthermore, for a full-dimensional
cone σ, the lattice points ui coming up in the splitting only depend on σ and E (see
[HMP]).
If two lattice points u and u′ agree as linear functionals on the wall τ then the
equivariant line bundles Lu and Lu′ glue together by the transition function χ
u−u′ to
form an equivariant line bundle L
u,u′ on the union Uσ ∪ Uσ′ . Now, Lu,u′ restricts to C
as follows: Let wτ ∈ M be the primitive generator of τ
⊥ which is positive on σ. Then
u− u′ = mwτ for some integer m and we have Lu,u′ |C ∼= OP1(m).
Using continuous interpolations of Klyachko’s filtration, which were introduced in
[P], it is shown in [HMP] that by subdividing Σ, or equivalently, by passing to a higher
toric birational model π : X ′ −→ X, one can guarantee that the restrictions of π∗E to
unions Uσ ∪ Uσ
′ split equivariantly as sums of line bundles of the form Lu,u′ . Then for
any invariant curve C ′ on X ′ mapped isomorphically to C, the splitting types of π∗E|C ′
and E|C agree, so that we get up to reordering uniquely determined pairs of characters
(ui,u
′
i) such that E|C splits equivariantly as
E|C ∼= Lu1,u′1 ⊕ · · · ⊕ Lur,u′r .
Hence, the positivity of E is decided by determining the pairs (ui,u
′
i) of characters for
each invariant curve C. [DJS] provides a nice description of these pairs as well as the
numbers m in terms of collections (or parliaments) of certain polytopes reflecting the
global sections of E . We will not go into detail here, as for the bundles in question in
this note the pairings of characters can readily be read off from the Klyachko filtrations.
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2. Toric extremal contractions
We collect here results from the theory of toric varieties, in particular their birational
geometry which we will need in the remainder of this note. The main reference is the
comprehensive book [CLS] by Cox, Little, and Schenck; we follow their notation through-
out.
Let X be an n-dimensional toric variety corresponding to a fan Σ in N ⊗Z R ∼= R
n
where N is a lattice of rank n. We denote the dual lattice HomZ(N) with M . Then
T = Spec C(M) ∼= (C∗)n is a dense open torus acting on X. We will assume that X is
complete, i.e., Σ has all of N⊗ZR as support, or even that X is smooth which in terms of
Σ is equivalent to the following: Σ is simplicial and for each maximal (i.e. n-dimensional)
cone σ ∈ Σ the primitive generators vi of the rays ρi ∈ σ(1), for i = 1, . . . , n, form a
lattice basis of N .
Toric varieties are particularly transparent from the viewpoint of birational geom-
etry as their minimal model programs can be completely described in terms of convex
geometry, i.e., by considering fans: Let Σ be a simplicial cone. Then an extremal rayR in
the Mori cone NE(X) induces a toric morphism (an extremal contraction) ϕ : X −→ X ′
to a semi-projective toric variety such that for a wall τ ∈ Σ(n−1) the corresponding curve
V (τ) is contracted to a point if and only if the class of V (τ) lies in R ([CLS, Proposition
15.4.1]). In order to describe ϕR, remember that an extremal ray R is generated by an
extremal relation
bρ1vρ1 + . . . bρn+1vρn+1 = 0
where the vρi are the primitive generators of the n+1 rays which span those two maximal
cones σ, σ′ whose intersection is the wall τ corresponding to an invariant curve in R.
Setting
J− = JR,− = {ρ ∈ Σ(1) | bρ < 0}
J+ = JR,+ = {ρ ∈ Σ(1) | bρ > 0} ,
we have the following description of the toric extremal contraction ϕR.
Proposition 2.1 ([CLS], Lemma 15.5.2, Proposition 15.4.5) The exceptional lo-
cus of ϕR has codimension |J−| and the fiber over points in its image are fake weighted
projective spaces of dimension |J+| − 1, concretely,
1. ϕR is of fiber type if and only if J− = ∅.
2. ϕR is divisorial if and only if |J−| = 1. In this case the image of the exceptional
divisor has dimension n− |J+|.
3. ϕR is a small contraction if and only if |J−| > 1.
Remark 2.2 The wall relation bρ1vρ1 + . . . bρn+1vρn+1 = 0 corresponding to a wall τ
spanned by v2, . . . ,vn can also be realized as a positive multiple of the linear relation∑
ρ
(Dρ · V (τ))vρ = 0,
(see [CLS, Section 6.4]). By [CLS, Proposition 6.4.4], the intersection numbers in this
relation can be expressed as
Dρi · V (τ) =
bimult(τ)
b1mult(σ)
=
bimult(τ)
bn+1mult(σ′)
.
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Here the multiplicity mult(σ) of a simplicial cone is the index in Nσ = σ∩N +(−σ)∩N
of the lattice generated by the primitive generators v1 . . . ,vk of σ. Hence, in case X is
smooth, all multiplicities are one, so in the wall relation we can assume b1 = bn+1 = 1.
Another result we will use gives estimates for the length ℓ(R) of an extremal ray R, i.e.,
the smallest intersection of −KX with an irreducible curve C with class inR. Mori’s bend
and break technique produces for any (KX)-negative extremal ray a possibly singular
rational curve C with class in R satisfying 0 < −KXC 6 dimX + 1. In the toric
situation the upper bound has recently been improved by Fujino and Sato with the
additional benefit that the curve in which the upper bound is realized is smooth and
torus-invariant at least in the case where the associated map ϕR is birational.
Theorem 2.3 ([FS17], Theorem 3.2.1) Let X be a Q-factorial toric variety of di-
mension n. Let ϕR : X −→ W be a birational contraction associated to a (KX)-negative
extremal ray R in NE(X). Denoting
d = max
w∈W
dimϕ−1
R
(w),
there exists a torus-invariant curve C with [C] ∈ R such that
−KX · C < d+ 1 6 n.
If ϕR is a divisorial contraction, i.e., d = n − 1, then we get the stronger inequality
ℓ(R) 6 n − 1 and equality holds if only if ϕR is a weighted blowup of a smooth torus-
invariant point with weight (1, a, . . . , a) for some positive integer a.
Remark 2.4 Fujino and Sato do not state the torus-invariance of the curve C realizing
the bound in the result. However, it is apparent from their proof. In particular, if ϕR
is birational, and the contraction corresponds to walls τi ∈ Σ(n− 1), then for some i we
have −KX · V (τi) < d+ 1.
Furthermore, in the smooth case the upper bound is realized in the invariant curve
C = V (τ) for τ the face on Σ corresponding to the ray R. This follows from Remark 2.2,
as the identity DρnV (τ) = 1 for the effective integral divisor Dρn rules out the existence
of an invariant curve C ′ in R such that C = kC ′ for 1 < k ∈ Z, and the fact that
−KX · C > 0.
3. Exterior powers of the tangent bundle
Let XΣ be a non-singular toric variety corresponding to a fan Σ whose rays ρ1, . . . , ρd
are generated minimally by lattice points v1, . . . , vd.
The Klyachko filtration of the tangent bundle on X is given by
Eρj (i) =


E i 6 0
< vj > i = 1
0 i > 1,
(see [Kl, Subsection 2.3.5]). Gonza´lez in [G11, Section 3] calculates the Klyachko fil-
trations of symmetric and exterior powers of an equivariant vector bundle E from the
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filtration of E itself. However, for our purposes the following description of the tangent
bundle itself suffices to deduce positivity criteria for its exterior powers.
By Theorem 1.2, in order to determine nefness or ampleness of an equivariant
bundle, we need to study its restrictions to invariant curves on X. In the case of the
tangent bundle this is particularly simple and closely related to the possible toric extremal
contractions of X as we will see now. Note that the dual calculation for the cotangent
bundle ΩX has already been described in [DJS, Example 5.2]. For the convenience of
the reader we will repeat the steps of the calculation for TX here. Let C be an invariant
curve on X corresponding to an (n − 1)-dimensional face (or wall) τ of the fan Σ. Let
furthermore σ and σ′ be the two full-dimensional cones adjacent along τ . Since X is
smooth, there is a lattice basis v1, . . . ,vn such that σ = pos(v1, . . . ,vn). By Remark
2.2, we may assume that σ′ = pos(v1, . . . ,vn−1,vn+1) where vn+1 = a1v1+ a2v2+ · · ·+
an−1vn−1 − vn for some aj ∈ Z. The restrictions TX |Uσ and TX |Uσ′ decompose as sums
of line bundles
TX |Uσ =
n⊕
i=1
Lwi , TX |Uσ′ =
n⊕
i=1
L
w˜i
,
where w1, . . . ,wn is the dual basis to v1, . . . ,vn, and w˜1, . . . , w˜n is the dual basis to
v1, . . . ,vn−1,vn+1. Expressing the latter in terms of the former, we obtain associated
characters u(σ′) = {w1 + a1wn,w2 + a2wn, . . . ,wn−1 + an−1wn,−wn}, and the charac-
ters are paired along C as follows: (wn,−wn) and (wi,wi+aiwn) for 1 6 i 6 n−1. Since
wτ = wn, andwi−(wi+aiwn) = −aiwn, the restriction of TX to the invariant curve C ∼=
P1 decomposes as a sum of line bundles TX |C ∼= OP1(2)⊕OP1(−a1)⊕ · · · ⊕OP1(−an−1).
Note that calculating the numbers ai above is equivalent to determining the wall
relation
n+1∑
i=1
bivi = 0
corresponding to the wall τ . On the other hand, as we have seen in Section 2, in case
C is an extremal curve the vector (b1, . . . , bn+1) yields plenty of information about the
birational map given by contracting C. We record the above result in
Proposition 3.1 Let C be an invariant curve on XΣ corresponding to a face τ ∈ Σ(n−1)
and let b1v1 + · · ·+ bn−1vn−1 + vn + vn+1 = 0 be the corresponding wall relation. Then
TX |C ∼= OP1(2) ⊕OP1(b1)⊕ · · · ⊕ OP1(bn−1).
The above proposition together with Theorem 1.2 gives us very tangible criteria for
positivity of exterior powers of the tangent bundle:
Theorem 3.2 Let XΣ be a smooth toric variety of dimension n. Then for 1 6 m 6 n−1
the exterior power ΛmTX is ample (nef) if and only if for any τ ∈ Σ(n − 1) with wall
relation b1v1 + · · ·+ bn−1vn−1 + vn + vn+1 = 0 the inequalities
bi1 + bi2 + · · ·+ bim (≥) 0
2 + bj1 + bj2 + · · ·+ bjm−1 (≥) 0
hold for each 1 6 i1 < · · · < im 6 n and 1 6 j1 < · · · < jm−1 6 n.
Similarly, ΛnTX = −KX is ample (nef) if and only if for any τ ∈ Σ(n−1) the coefficients
in the corresponding wall relation satisfy
2 + b1 + b2 + · · ·+ bn−1 (≥) 0.
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Remark 3.3 (1) In case m = 1 the criterion yields that TX is ample if and only if all bi
are positive or, in the terminology of [CLS], J− = ∅, J = J+ for each invariant extremal
curve C. By Proposition 2.1, this is the case if and only it the extremal contraction
corresponding to C is of fiber type with image of dimension zero. Thus we recover the
well known result that X = Pn.
(2) On the other hand, for TX to be nef, it suffices (and is necessary) for all bi in
wall relations to be non-negative. As the Mori cone cone NE(X) is spanned by extremal
curves, this is equivalent to all extremal contractions being of fiber type. In fact, it
is known in general that a non-singular variety X with TX nef admits only fiber type
extremal contractions, since the deformations of any rational curve cover all of X in
this case (see [CP91, Theorem 2.2]). In general, the inverse implication is false (take for
example the product P1 ×X for a non-singular variety X of Picard number 1 with TX
not nef).
A result by Fujino and Sato ([FS09, Proposition 5.3]) states that a smooth toric
variety admitting only fiber type contractions is isomorphic to a product of projective
spaces, providing a full classification of smooth toric varieties with nef tangent bundle.
Example 3.4 Let X be the blowup of P3 in a line, i.e., the toric variety corresponding
to the fan in N = Z3 obtained as follows. Take the standard fan generated by the points
v1 = (1, 0, 0), v2 = (0, 1, 0), v3 = (0, 0, 1), and v4 = (−1,−1,−1), corresponding to P
3
and add the ray v5 = (−1,−1, 0) subdividing the maximal cone < v1,v3,v4 > by the two
maximal cones < v1,v3,v5 >, and < v1,v4,v5 > and the maximal cone < v2,v3,v4 >
by the two maximal cones < v2,v3,v5 >, and < v2,v4,v5 > . We then get the following
wall relations (and equivalent ones by symmetry)
v3 + v4 + v1 + v2 = 0 (not extremal)
v1 + v5 + v2 + 0 · v3 = 0 (pencil of planes through blown-up line)
v3 + v4 − v5 + 0 · v1 = 0 (blow-up morphism).
Hence, Theorem 3.2 yields that TX and Λ
2TX are neither ample nor nef, whereas Λ
3TX =
−KX is ample.
This example can be extended to blow-ups ϕ : X −→ Pn of a k-dimensional linear
subspace. As above, the only relation containing a negative coefficient corresponds to
the blow-up morphism and it has exactly k zero entries. Hence ΛmTX is nef if and only
m is at least k + 2.
Let us state an easy consequence of the ampleness/nefness criterion, which is not at all
obvious in general.
Corollary 3.5 Let X be a non-singular toric variety with ΛmTX nef for some m < n.
Then X is Fano.
Proof. Let C = V (τ) be an invariant curve with corresponding extremal relation b1v1 +
· · ·+ bn−1vn−1+vn+vn+1 = 0. We may assume the bi to be ordered such that bi 6 bi+1
for i = 1, . . . , n− 2. Then by the nefness of ΛmTX we have
−KX · C = 2 +
n−1∑
i=1
bi >
m∑
i=1
bi > 0.

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4. Classification
In order to classify smooth toric varieties with Λ2TX nef (or Λ
3TX ample), we will argue
inductively by applying toric extremal contractions, thus decreasing the Picard number.
We show that by this process we arrive eventually at a smooth toric variety Y which
admits only fiber type extremal contractions. By Remark 3.3, this is equivalent to TY
being nef which in turn means that Y is a product of projective spaces.
Remark 4.1 The case of Picard number one is easy in the toric situation as opposed
to the general setting as the only smooth toric varieties with Picard number one are
projective spaces. This can either be seen directly by fan considerations (see [CLS,
Exercise 7.3.10]), or we might use the following argument. If a non-singular projective
toric variety X has Picard number b2(X) = 1, then the dual Euler sequence
0 −→ Pic(X) ⊗OX −→
⊕
ρ
OX(Dρ) −→ TX −→ 0
(see [CLS, Theorem 8.1.6]) realizes TX as a quotient of the ample vector bundle
⊕
OX(Dρ)
proving it is ample. Therefore, X ∼= Pn by Mori’s famous result.
4.1. Λ2TX nef
The elementary result for the classification is the following
Theorem 4.2 Let f : X −→ Y be an extremal contraction of a nonsingular toric variety
of dimension n > 3 with Λ2TX nef. Then either f is of fiber type, or f is a divisorial
contraction whose exceptional locus has zero-dimensional image and Y is smooth with
Λ2TY nef. In the latter case, f consists of blowups of invariant points.
Proof. We may assume f to be of relative Picard number one. Let b1v1+· · ·+bn−1vn−1+
vn + vn+1 = 0 be the extremal relation corresponding to f , ordered such that bi 6 bi+1
for i = 1, . . . , n− 2. Then by Theorem 3.2 we have
b1 + b2 > 0, b1 > −2.
Therefore, either b1 and hence all bi are non-negative and f is of fiber type, or b1 is
negative, and the remaining bi are non-negative, i.e., J0 = ∅. By Proposition 2.1, in the
latter case f is a divisorial contraction with image of the exceptional locus of dimension
zero.
Why is Y smooth in this case? If b1 = 1, then v2, . . . vn,vn+1 form a lattice basis.
Therefore, Y is nonsingular. If on the other hand b1 = −2 then all other bi are at
least 2, so −KX · C > 2(n − 2) > n − 1, which is impossible by Theorem 2.3. In fact,
the only possibility left by this result is b1 = −1, and bi = 1 for i = 2, . . . , n − 1, i.e.,
−KX · C = n − 1. Hence, again by Theorem 2.3, f is a weighted blowup of a smooth
invariant point of weight (1, a, . . . , a). Since X and Y are smooth, a = 1.
By the relative tangent sequence for f , we get that f∗(Λ2TY ) and thus Λ
2TY itself
are nef. 
We are thus in the situation to argue inductively and obtain the following classification.
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Theorem 4.3 Let X be a smooth toric variety of dimension n > 3 with Λ2TX nef. Then
either TX is nef, or X is the blowup of P
n in a point.
Proof. If X has Picard number one, then X = Pn, hence TX is nef. Otherwise X admits
toric extremal contractions fi : X −→ Yi. If these are all of fiber type, then by Remark
3.3 TX is nef.
Hence, if TX is not nef, there is a birational extremal contraction f : X −→ Y ,
which by Theorem 4.2 must be the blowup of an invariant point p ∈ Y .
Performing all such birational extremal contractions, we obtain a toric variety Y0
all of whose extremal contractions are fiber type. Therefore, Y0 = P
k1 × · · · × Pks for
k1+ · · ·+ks = n. Now, X does not admit any flipping contractions. However, blowing up
a point on an n-dimensional proper product of projective spaces will lead to flips. Hence,
Y0 = P
n. Similarly, blowing up more than one point on Pn again gives rise to flips. 
4.2. Λ3TX ample
We get analogous results in the situation when Λ3TX is ample:
Theorem 4.4 Let f : X −→ Y be an extremal contraction of a nonsingular toric variety
of dimension n > 4 with Λ3TX ample. Then either f is of fiber type, or f is a divisorial
contraction whose exceptional locus has zero-dimensional image and Y is smooth with
Λ3TY ample. In the latter case, f consists of blowups of invariant points.
Proof. This is a variation of the proof of Theorem 4.2. We may assume f to be of relative
Picard number one. Let b1v1 + · · ·+ bn−1vn−1 + vn + vn+1 = 0 be the extremal relation
corresponding to f , ordered such that bi 6 bi+1 for i = 1, . . . , n − 2. Then by Theorem
3.2 we have
b1 + b2 + b3 > 0, b1 + b2 > −2.
By the second inequality, the only possibly negative bi is b1. Therefore, X does not admit
flipping contractions. Furthermore, if b1 < 0, then either b2, and hence all remaining bi,
are positive, or b2 = 0 and b3 > −b1. However, in the latter case we have −KX · C >
2 + b2 + (n − 3)(−b2 + 1) = 2 + 1 + (n − 4)(−b1 + 1) > n − 1 with equality if and only
if n = 4. This is impossible by Theorem 2.3. Thus if b1 < 0, then J0 = ∅ and f is thus
a divisorial contraction with image of the exceptional locus of dimension zero. By the
same argument as in the proof of Theorem 4.2, f must in fact be the blowup of a smooth
invariant point. 
With the above result established, the proof of Theorem 4.3, mutatis mutandis,
proves the following.
Theorem 4.5 Let X be a smooth toric variety of dimension n > 4 with Λ3TX ample.
Then either TX is nef, or X is the blowup of P
n in a point.
4.3. Higher exterior powers
Weakening the assumptions to positivity of higher exterior powers of TX , Theorem 3.2
leads to weaker inequalities regarding the bi in extremal relations. We thus get fewer
restrictions on the possible toric birational morphisms X −→W . For example, assuming
Λ3TX nef, the extremal relation with ~b = (−2, 1, . . . , 1) is permitted by the inequalities
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of Theorem 3.2. On the other hand, its corresponding curve C has −KXC = n−2 which
does not violate Theorem 2.3. Therefore, we cannot exclude the possibility that some
contractions might have singular image Y in this situation. In particular, TY will not be
locally free if this happens. Dealing with isolated singularities arising in this way still is
possible with an inductive approach. However, taking even higher exterior powers forces
us to deal with flipping contractions. For these cases, which arise starting at Λ4TX nef
(e.g., for ~b = (−1,−1, 1, . . . , 1)), a different approach will be necessary as ΣY will not
even be simplicial.
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